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The focus of this paper is on the development of observability theory and estimation algorithms for multisatellite

systems. The results could have applications in space missions that require minimum support from ground control

centers and other systems such as the Global Positioning System. The main results consist of 1) the observability of

two satellites, either cooperative or noncooperative, using relative measurements only, 2) a computational method

for networked multiagent systems to check the observability using their topologies of communication and sensor

network, 3) an unscented Kalman filter for the estimation of orbits, positions, and velocities using relative

measurements, and 4) simulations on the observability of satellite systems, including a scenario of two satellites and,

in another simulation, a networked multisatellite constellation with random communication interruptions.

I. Introduction

O PERATIONS of multisatellite constellations using current
technologies, which heavily rely on ground control centers,

significantly increase the working load of ground support. Such
constellations suffer obvious disadvantages such as the lack of agility
and the difficulty of making orbit or formation reconfigurations.
In addition, the functionality and the control of the constellation is
vulnerable to weather conditions and communication interruptions.
Therefore, it is desirable that satellite constellations have the capa-
bility of onboard intelligent control that requires less or no ground
support. In this paper, the research is aimed at the development of
estimation methods for satellite constellations that rely on minimum
ground support and Global Positioning System (GPS) signals. More
specifically, we prove that it is possible to estimate the orbits, posi-
tions, and velocities of space objects using attitude information and
relative measurements only. Communication between the objects is
not required, although the observabiltiy of networked systems can be
improved if such communication is available. In addition, a compu-
tational method is developed for networked multiagent systems to
check the observability using the topologies of communication and
sensor network. In this paper, the results on observability are
mathematically proved, and a nonlinear filter is designed using a
UKF (unscented Kalman filter). Simulations on the observability of
satellite systems are carried out, including a scenario of two satellites
and, in another simulation, a networked multisatellite constellation
with random communication interruptions.

In Sec. II, we mathematically prove the observability of two
satellites using their attitude information and the measurement of
relative positions. In Sec. III, we address the observability of
networked multiagent systems. In this case, the communication
topology and the sensor capabilities are two fundamental ele-
ments that compensate to each other. In Sec. IV, a nonlinear filter

design using a UKF is outlined. In Sec. V, several simulations are
shown to verify and to demonstrate the theory and the algorithms
developed.

II. Observability Using Relative Measurements

The observability of networked systems addressed in this paper is
derived based on the assumption that some agents are equipped with
sensors that are able to measure and estimate the state of itself
or other agents. However, measuring and estimating the state of a
satellite is highly dependent on the capability of onboard sensors.
Although GPS and ground tracking stations provide accurate
information about the position, velocity, and orbit of satellites in
operation, they suffer the drawbacks of signal loss or delay due to
communication interruptions and range limitations. It is desirable
to design navigation algorithms that rely on minimum support from
another system or agent.

Many results can be found in the literature toward the goal of
estimation using information of relative measurements (Doolittle
et al. [1], Woffinden and Geller [2], Li and Goodzeit [3], Mukundan
et al. [4], Yim et al. [5]). For instance, the estimation of relative orbit
elements is addressed inDoolittle et al. [1] using themeasurements of
relative range from the deputy to the chief and azimuth and elevation
angles of the chief as observed from the deputy. In Woffinden and
Geller [2], an angles-only navigation filter is developed to determine
relative position and attitude between a passive noncooperative
target satellite and a maneuvering chaser vehicle. In Li and Goodzeit
[3], the observability is examined for a standard geosynchronous
spacecraft attitude determination system that uses Earth and sun
sensor measurements.

The result developed in this section is an alternative to existing
algorithms of state estimation for satellite systems.More specifically,
if a satellite (observer) has the information of its absolute attitude and
canmeasure the relative position of another satellite (target), then it is
proved that the absolute positions and velocities of both satellites are
observable to the observer satellite. Such relative information can be
achieved by using multiple cameras or a combination of camera and
range sensor. This observability is different from existing results
because this method does not require the positions and velocities of
either the observer or the target, and the states of both satellites can be
estimated using the measurement of relative positions only. The
relative dynamics of satellite orbits have been analyzed in the
literature by many authors, see Alfriend and Yan [6] and the
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references therein. In this paper, we reveal an underlying relationship
between the relative motions and their orbits around the Earth.

A. Definition of Observability

To make the discussion precise, we introduce a concept of
observability. It is well known that the definition of linear
observability is universal for all linear systems. However, there exist
many definitions of observability in the literature of nonlinear control
systems. It is a technical question involving several factors, such as
the generality of the concept, ease of verification, and the practicality
of observer design. In addition, our problem is different from
conventional concept of observability in Gauthier and Kupka [7].
Because of the large number of variables involved in multisatellite
systems, it could be unnecessarily complicated to derive the
observability and to design observers for the entire system of
multiple satellites. Therefore, we have to deal with partial
observability of networked systems. Furthermore, it is also possible
that only a part of the variables are observable, whereas the overall
system of systems is unobservable and undetectable. The following
definition is appropriate for this study because it takes into
consideration partial observability and nonlinear systems, and it
avoids the local requirement in some approaches that uses local
changes of coordinates (see Gauthier and Kupka [7]). This new
definition borrows the idea from the moving horizon type of
observers, but it is extended to a much more general case that covers
the partial observability of large and complex systems. Consider a
general nonlinear control system

_�� f�t; �; u�; � 2 Rn; u 2 Rm

Y � h�t; �; u�
(1)

where � is the state, u is the control, and Y represents the variable that
can be directly measured by sensors. Suppose z� z�t; �; u� is a
variable to be estimated. In the following, U represents an open and
connected set in the time-state-control space R � Rn � Rm. We
assume u�t� is bounded. We also assume it is C1 at all but finitely
many points in �t0; t1�. At any time �t, the limits

lim
t!�t�

u�t�; lim
t!�t�

u�t�

exist. For the state, we assume ��t� is absolutely continuous. If
���t�; u�t�� satisfies Eq. (1) for all t in �t0; t1� except for finitely many
points, then �t; ��t�; u�t�� is called a trajectory. In this note, equations
involving u�t� always mean “equal almost everywhere,” and the
notation is “a.e. in �t0; t1�.”

Definition 1: The function z� z�t; �; u� is said to be observable in
U if for any two trajectories �t; �i�t�; ui�t��, i� 1; 2 inU defined on a
same interval �t0; t1�, the equality

h��1�t�; u1�t�� � h��2�t�; u2�t��; a:e: in �t0; t1�

implies

z�t; �1�t�; u1�t�� � z�t; �2�t�; u2�t��

a.e. in �t0; t1�.
Suppose for any trajectory �t; ��t�; u�t�� in U there always exists

an open set U1 	 U so that �t; ��t�; u�t�� is contained in U1 and
z�t; �; u� is observable inU1. Then, z� z�t; �; u� is said to be locally
observable in U.

For a linear system, the observability of all state variables, that is,
the case z�t; �; u� � �, implies the classical definition of
observability. In this case, the observability matrix has full rank.
For nonlinear systems, all state variables in a uniformly observable
system must be observable under this definition. If a variable is
observable, it can be estimated by Kalman-type filters , or moving-
horizon-type observers (Runge–Kutta–Newton observer in Kang [8]
or pseudospectral observer in Gong et al. [9]). For satellite systems,
this observability is realized using an unscented Kalman filter, which
is addressed in Sec. IV. It is possible to verify the observability of
variables by checking rank conditions. In Kang and Barbot [10],

sufficient conditions for this definition of observability are proved.
The following Lemmas, introduced without proof, are some useful
special cases of the necessary conditions fromKang and Barbot [10].

Lemma 1: Consider a system without control

_�� f�t; ��; � 2 Rn Y � h�t; �� (2)

LetU 	 R � Rn be an open set. Suppose there exists a function g�
�
and an integer k > 0 so that

z� z�t; �� � g�t; Y; DY; . . . ; Dk�1Y�

for all �t; �� 2 U, where D is the differentiation operator. Then
z�t; �� is observable.

Lemma2Consider the system defined byEq. (2). LetU 	 R � Rn

be an open set. Suppose z��� 2 R is a variable to be estimated. Let
D be the differentiation operator. Consider

V � �YT;DYT; . . . ; Dl�1YT�T (3)

for some l > 0. If rank�@V
@�
� � n for �t; �� 2 U, then z� z��� is locally

observable in U.

B. Observability with the Measurement of Relative Position

Consider two satellites, sat-1 and sat-2. Let r be the vector from the
center of the Earth to a satellite. Then the dynamics of the satellite
satisfies

�r�t� � �
r3

r� a�r; t�

where � is a constant, r� jr�t�j, a�r; t� is the orbital perturbation
such as the J2 effect. In this paper, perturbations are not taken into
consideration. In fact, a perturbation with model usually is auxiliary
to making orbits more distinguishable. Nevertheless, this is still an
open problem for future research. In an inertial frame fE1;E2;E3g
with the origin fixed at the center of the Earth, the state variables of
the ith satellite is denoted by

xi; yi; zi; vxi � _xi; vyi � _yi; vzi � _zi; ri� jrij

The dynamic model of a satellite system is defined as follows:

_xi � vxi
_yi � vyi
_zi � vzi
_vxi ��

�

r3i
xi

_vyi ��
�

r3i
yi

_vzi ��
�

r3i
zi

(4)

where i� 1; 2. In this formulation, the system is defined by the
ordinary differential equation of orbital dynamics. Let ~r be the vector
from sat-1 to sat-2. Assume this vector can be measured by sat-1
using a laser sensor or through other means. We do not assume any
information about the absolute position and velocity relative to the
Earth. Assume the relative position vector ~r is represented in a

nonrotating frame f ~E1; ~E2; ~E3gwith the originfixed on sat-1. For the
simplicity of the systemmodel, it is required that the directions of this
frame coincide with those of fE1;E2;E3g. This assumption implies
that sat-1 has its attitude information. The coordinates of ~r are
denoted by

� ~x ~y ~z �T

In the following,we analyze the observability of the relative velocity,
the absolute position, and the absolute velocity, of both sat-1 and sat-
2 based on the measurement of ~r. The goal of this section is to
mathematically prove that it is possible to estimate the absolute
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positions and velocities of both sat-1 and sat-2 provided that one
satellite is able to measure the relative position of the other and they
have different orbital radius.

For sat-1 and sat-2, we know ~r� r2 � r1. To model the
observability problem, we define

_~x� ~v ~x; _~y� ~v ~y; _~z� ~v ~z

_xi � vxi ; _yi � vyi ; _zi � vzi
ri � jrij

To simplify the notation, we omit the subindex 1 for sat-1. For
instance, x, y, and z represent x1, y1, and z1. Because of the
nonlinearity in the orbital dynamics, the relative dynamics is coupled
with the orbital dynamics of the satellites. This nonlinear relationship
is assistive to the estimation of the absolute positions and absolute
velocities of the satellites

_~x� ~v ~x; _~y� ~v ~y; _~z� ~v ~z

_~v ~x ��
�

r32
�x� ~x� � �

r3
x; _~v ~y ��

�

r32
�y� ~y� � �

r3
y

_~v ~z ��
�

r32
�z� ~z� � �

r3
z

_x� vx; _y� vy; _z� vz
_vx ��

�

r3
x; _vy ��

�

r3
y; _vz ��

�

r3
z

Output: Y � � ~x ~y ~z �T (5)

Given the outputY, wewould like to know the observability of all the
other state variables. For the purpose of applying the Lemmas in
Sec. II.A, � in Eq. (2) corresponds to the states variables in Eq. (5),
that is, ~x, ~y, ~z, ~v ~x, ~v ~y, ~v ~z, x, y, z, vx, vy, and vz; f�t; �� is the right side of
the differential equations in Eq. (5), and h�t; �� represents
� ~x ~y ~z �T . The variables to be estimated z�t; �� are ~v ~x, ~v ~y, ~v ~z, x, y, z,
vx, vy, and vz. We denote the differentiation operator by D, then

Y � � ~x ~y ~z �T DY � � ~v ~x ~v ~y ~v ~z �T

D2Y �
� �

r3
2

�x� ~x� � �

r3
x

� �

r3
2

�y� ~y� � �

r3
y

� �

r3
2

�z� ~z� � �

r3
z

2
64

3
75

D3Y � 3�

r52
��x� ~x��vx � ~v ~x� � �y� ~y��vy � ~v ~y�

� �z� ~z��vz � ~v ~z��
x� ~x
y� ~y
z� ~z

2
4

3
5 � �

r32

vx � ~v ~x
vy � ~v ~y
vz � ~v ~z

2
4

3
5

� 3�

r5
�xvx � yvy � zvz�

x
y
z

2
4

3
5� �

r3

vx
vy
vz

2
4

3
5

The system has 12 state variables. We stop at the third-order deri-
vative of Y because the Jacobian of �YT DYT D2YT D3YT �T
is a square matrix. If it has full rank, then the observability can
be proved. This Jacobian matrix is defined by

J� @

@� ~x; ~y; ~z; ~v ~x; ~v ~y; ~v ~z; x; y; z; vx:vy:vz�

Y
DY
D2Y
D3Y

2
664

3
775 (6)

The observability of the state variables is closely related to the rank of
the Jacobian matrix. It is observed that the Jacobian matrix has lower
block triangular structure, with 3 � 3 blocks on the diagonal. In fact,
the submatrix in J has the following properties

@

@� ~x; ~y; ~z�Y � I; other partial derivatives are zeros

@

@� ~v ~x; ~v ~y; ~v ~z�
DY � I; other partial derivatives are zeros

@

@�x; y; z�D
2Y �Q; @

@�vx:vy:vz�
D2Y � 0

@

@�vx; vy; vz�
D3Y �Q

where I is the identity matrix and Q is the following 3 � 3 matrix:

Q� 3�

r52

x� ~x

y� ~y

z� ~z

2
64

3
75� x� ~x y� ~y z� ~z �

� �
r32
I � 3�

r5

x

y

z

2
64

3
75� x y z � � �

r3
I

Therefore, the Jacobianmatrix has the following triangular structure:

J�

I 0 0 0

0 I 0 0

J31 J32 Q 0

J41 J42 J43 Q

2
664

3
775 (7)

where Jij are submatrices that do not change the rank of the Jacobian
(in fact J32 � 0). Tofind the rank of the Jacobianmatrix,wemustfind
out the rank of Q. It is important to point out that the rank of J is
intrinsic, that is, it is invariant under change of coordinates. If one can
prove Q has full rank at an arbitrary time moment, then Q has full
rank all time. Now, let us focus on an arbitrary but frozen time
moment. Because the rank of Q does not change under change of
coordinates, we can use an appropriately selected coordinate frame to
simplify Q. For this purpose, we can use a change of coordinates so
that the point r� xE1 � yE2 � zE3 has the coordinates �x; 0; 0� at
this timemoment. For the vector ~r� ~x ~E1 � ~y ~E2 � ~z ~E3, we can turn

the axis ~E2 and ~E3 around ~E1 so that z� ~z� 0, that is, the center of

the Earth and the two satellites form ~E1
~E2-plane. Under this

coordinate system, Q has the following form:

Q� 3�

r52

�x� ~x�2 �x� ~x��y� ~y� 0

�x� ~x��y� ~y� �y� ~y�2 0

0 0 0

2
64

3
75

� �
r32
I � 3�

r5

r2 0 0

0 0 0

0 0 0

2
64

3
75� �

r3
I

In fact, y� 0 in Q. But its value does not affect the following
argument. If r� r2, then rank�Q� � 2. If r ≠ r2, define
��� �

r3
2

� �

r3
, then

Q�

3�

r5
2

�x� ~x�2 � � � 3�

r3
3�

r5
2

�x� ~x��y� ~y� 0

3�

r5
2

�x� ~x��y� ~y� 3�

r5
2

�y� ~y�2 � � 0

0 0 �

2
64

3
75

The matrix Q is not full rank if and only if the determinant is zero,
which is equivalent to say
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�
3�

r52
�x� ~x�2 � � 3�

r52
�y� ~y�2 � �2 � 9�2

r3r52
�y� ~y�2 � � 3�

r3
� 0

) 9�2

r3r52
�y� ~y�2 � 3�

�
�

r32
� �
r3

�
� �2

) 9�2

r3r52
�y� ~y�2 ��2�2

This is impossible because ��2 < 0 and 9�2

r3r5
2

�y� ~y�2 � 0.

Therefore, rank�Q� � 3 if and only if r ≠ r2.
Define

V � �YT DYT D2YT D3YT �T

Because of Eq. (7), the associated Jacobi matrix J defined by Eq. (6)
is block-lower triangular. All blocks on the diagonal equal the
identity matrix except for Q. So, J has full rank if and only if Q has
full rank. This is equivalent to r ≠ r2. From Lemma 2, the
observability of state variables, including the position and velocity,
is implied by r ≠ r2. In addition, Lemma 1 entails that the velocities
~v ~x, ~v ~y, and ~v ~z are always observable, irrelevant to the orbits.
Theorem 3: All state variables in the system in Eq. (5) are locally

observable if r ≠ r2 on the trajectory. The variables ~v ~x, ~v ~y, and ~v ~z
are always observable.

This theorem implies that it is possible to estimate the absolute
positions and velocities of satellites with relative measurements
and the attitude information, provided that the target satellite has a
different orbital radius. This observability is realized in Sec. IV by an
unscented Kalman filter.

III. Observability of Networked Systems

In this section we address the relationship between the obser-
vability and the topologies of communication and sensor networks.
Although we focus on satellite systems in this paper, the results in
this section are applicable to general networked systems. Consider a
multiagent system, such as a multisatellite constellation, with a
partial communication and sensor network that is dynamically
changing during the operation. The observability of the networked
system is contingent on the capability of the onboard communication
and sensor payload of the agents. In addition, the communication
topology and the sensor capability are two fundamental elements that
compensate to each other in the determination of the state of each
agent. For instance, an agent with greater sensor capability requires
less communication in the determination of the states of other agents.
On the other hand, an agent without onboard sensors must
communicate with other cooperative agents that have the sensor
information. In this section, a computationally checkable criteria of
observability is developed based on the topologies of the
communication and sensor networks.

The communication topology of multiple agent systems is
represented by a graph (Fig. 1). Suppose k is the total number of
agents. Then this graph can be represented by the communication
matrix

C�

c11 c12 
 
 
 c1k
c21 c22 
 
 
 c2k
..
. ..

. ..
. ..

.

ck1 ck2 
 
 
 ckk

2
6664

3
7775

where cij � 0 if agent-j cannot receive information from agent-i;
cij � 1 if agent-j is able to receive the information sent by agent-i. In
the case of twoway communications, it becomes a symmetric matrix
of 0s and 1s. We define cii � 0.

As shown in Theorem 3, a satellite is able to estimate the state of
another satellite using relative measurements only. However, the
capability of making such measurements depends on the capacity of
the onboard sensor system and the distance between the satellites. It
is a rare situation in which a multiagent system is completely
observable all the time by direct sensor measurements between all
agents. Therefore, the sensors distributed among the agents form a
topology, which can be represented by a directed graph (Fig. 2). The
nodes in the graph represent the agents. A directed edge from agent-i
to agent-j implies that agent-i is able to measure and estimate the
state of agent-j. The graph of a sensor system is algebraically
represented by the matrix

S�

s11 s12 
 
 
 s1k
s21 s22 
 
 
 s2k
..
. ..

. ..
. ..

.

sk1 sk2 
 
 
 skk

2
6664

3
7775

where sij � 0 if there is no edge from agent-i pointing to agent-j, that
is, agent-i is not able to measure and estimate the state of agent-j;
sij � 1 if there is an edge from agent-i pointing to agent-j, that is,
agent-i is able to measure and estimate the state of agent-j.

The matrix S has a special property if the observability in
Theorem 3 is used. In this case, agent-i is able to estimate the state of
itself if it can make the relative measurement to any other agent.
Therefore, sii � 1 if any other component in the ith row of S is
nonzero. This property is used to generate S in the simulations in
Sec. V.B.

The communication network is able to significantly enhance the
capability of the sensors distributed in scattered locations. On the
other hand, the onboard sensors make it possible to detect the state of
other agents with less communication requirement. Among the
claims in the next property we would like to emphasize that, even if
both the communication and sensor graphs are disconnected, it is still
possible for an agent to receive or estimate the states of all other
agents provided that the sensor topology is designed in conjunction
with the communication topology. In the following, the graph of the
communication topology is denoted by C and the graph of the sensor
topology is denoted by S.

Proposition 1: Agent-i is able to estimate the state of agent-j if one
of the following conditions holds: 1) There exists an edge from
agent-i pointing to agent-j in the graphS; 2) There exists an agent-p,
a path in the graph C connecting agent-i and agent-p, and an edge
from agent-p pointing to agent-j in the graph S.

Fig. 1 Graph of communication topology. Fig. 2 Graph of sensor topology.
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The proof of this proposition is straightforward. It is equivalent to
the fact that agent-i is able to estimate the state of agent-j if it has the
sensor to directly measure agent-j or it has the communication to a
third satellite that has the sensor to measure agent-j.

For the purpose of autonomous planning and outer-loop control, it
is important to develop numerically checkable conditions for the
observability of a satellite constellation. This is made possible by
using the algebraic representations of the communication and the
sensor topologies. Using the matrices S and C, Proposition 1 is
equivalent to the following fact: agent-i is able to estimate the state of
agent-j if it holds that either 1) sij � 1, or 2) there exists integers
i0; . . . ; il and p so that

i0 � i; il � p ci0i1ci1i2ci2i3 
 
 
 cil�1il spj � 1

Note that ci0i1ci1i2ci2i3 
 
 
 cil�1il spj is a term in the �i; j� component of
the matrix ClS. From graph theory (see West [11]), it is known that
Proposition 1 is equivalent to the following result.

Proposition 2: Agent-i is able to estimate the state of agent-j if
there exists an integer l � 0 so that the �i; j� component in ClS is
nonzero.

ThematrixClS in Proposition 2 carries more information then just
the observability. In fact, the elements in this matrix represent the
number of communication and sensing paths that link the
corresponding agents. A larger element in ClS implies higher
reliability of the communication and sensor network due to its
redundancy. The following proposition is a conclusion from the
properties of adjacency matrices in graph theory [11].

Proposition 3: Let dlij denote the ijth element of ClS. If dlij > 0,

then dlij equals the number of communication paths of length l that
are available for agent-i to inquire the state information of agent-j.

In networked dynamical systems, such as multisatellite
constellations, the communication and sensor topologies are not
fixed during operations. Propositions 2 and 3 facilitate a
computationally verifiable algorithm that can be used to keep
tracking in real time the observability and the communication
redundancy between agents, which is a piece of essential information
for the control of networked systems.

The communication paths in Proposition 3 may include loops and
intersections, that is, in the terminology of graph theory they are
called walks. However, to count the number of different communi-
cation paths without loops and intersections is NP-hard (Jungnickel
[12]) and it is beyond the scope of this paper.

IV. Nonlinear Filter Design

The results in Sec. II.B guarantee the observability only. It still
remains a problem to estimate the state of satellites using relative
measurements. In this section, we develop an estimation method that
is facilitated by the UKF (see Julier and Uhlmann [13]). We assume
the onlymeasurement that can be used in the estimation is the relative
position between the satellites, that is, the output functionh is defined
by

h�
� � � x1 � x2 y1 � y2 z1 � z2 �T

Consider the following satellite dynamics as a part of Eq. (5):

_x� vx; _y� vy; _z� vz
_vx ��

�

r3
x; _vy ��

�

r3
y; _vz ��

�

r3
z

where r�
��������������������������
x2 � y2 � z2

p
and � is the Earth’s gravitational

constant. A difficulty in the numerical experimentation of satellite
systems is the extremely large range of scales of the variables and
parameters in themodel.We found that the following rescaling of the
time and state variables significantly improves the accuracy of our
numerical integration:

t�

�����
r30
�

s
�; x� r0 �x; y� r0 �y; z� r0 �z

vx �
�����
�

r0

r
�vx; vy �

�����
�

r0

r
�vy; vz �

�����
�

r0

r
�vz

where r0 can be any constant. In the simulations, r0 equals the radius
of the Earth. After the rescaling, the dynamics is transformed into

_�x� �vx; _�y� �vy; _�z� �vz

_�vx ��
1

�r3
�x; _�vy ��

1

�r3
�y; _�vz ��

1

�r3
�z

where �r�
��������������������������
�x2 � �y2 � �z2

p
.

The UKF is “founded on the intuition that it is easier to
approximate a probability distribution than it is to approximate an
arbitrary nonlinear function or transformation” [13]. In the
following, the state variables of Eq. (5) are denoted by �. The UKF
assumes that at every sampling instant, the state � is always a
normally distributed variable. The mean and covariance information
of this random variable can be stored in a set of specially selected
points called sigma points. These sigma points are easily obtained
from the method described in Julier and Uhlmann [13]. It can be
shown that the nonlinear transformation of the sigma points
preserves statistics up to the second order in a Taylor series
expansion. Based on this fact, a prediction of the state and the
covariance matrices in the filter algorithm can be carried out as
follows:

1) From the previous estimate of the state �̂n�1 and the covariance

matrix P̂��n�1, calculate a set of sigma points,
2) Propagate all the sigma points through the nonlinear dynamic

and the output equations. Also propagate �̂n�1 to obtain ~�n.
3) Predict the covariance matrices by computing ~P��n , ~P

YY
n , and ~P�Yn

using a statistical procedure.

4) Use the predicted value of ~�n, ~P��n , ~PYYn , and ~P�Yn to update the
estimations as follows:

�̂n � ~�n � K�Yn � ~Yn�
K � ~P�Yn � ~PYYn ��1

P̂��n � ~P��n � K ~PYYn K
T

The detailed formulae for the UKF can be founded in Julier and
Uhlmann [13]. In the next section, we apply the UKF filter to the
scaled model introduced at the beginning of this section to estimate
the absolute positions, the absolute velocities, and the orbits of both
satellites using relative measurements. Then, the computational
results are transformed back to its original scale for analysis and
presentation.

V. Simulations

In this section, simulations are carried out to verify and to illustrate
the results obtained in previous sections. We first simulate the state
estimation of two satellites. Then, a simulation is carried out for the
observability of a networked multisatellite constellation.

A. State and Orbit Estimation of Two Satellites

In the simulations, we consider two satellites flying in two
different orbits. The orbital parameters are defined in Table 1.
Transferring the orbital parameters to state vectors we get the initial
conditions for the satellites, shown in Table 2. With this set of initial
conditions, the distance between the two satellites, that is

distance �
���������������������������������������������������������������������������
�x1 � x2�2 � �y1 � y2�2 � �z1 � z2�2

p
is approximately between 100 km and 250 km (see Fig. 3a). The
radial difference between the two selected orbits is defined by
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er :� r1 � r2; where ri :�
��������������������������
x2i � y2i � z2i

q
; i� 1; 2

It is plotted in Fig. 3b. Along the trajectories we have r1 ≠ r2 except
for some discrete points. By Theorem 1, all state variables of
both satellites are observable in time intervals that do not contain the
isolated time moments of r1 � r2. However, from the uniqueness of
solutions of differential equations, we can conclude that all state
variables are observable on any time interval, including the isolated
points where r1 � r2.

In the following, we test theUKFfilter using relativemeasurement

h�
� � � x1 � x2 y1 � y2 z1 � z2 �T

The tuning parameters in the UKF are selected as follows:

Q� 0:01 � I12; R� 10�11 � I3; d� � 0:1

where Ik denotes the identity matrix with dimension k; d� � 0:1 is
the sampling period in the scaled time unit, which corresponds to
135.2367 s in the real physical time unit. This is a long sampling
interval, which makes the estimation a challenging problem. The
initial guess used by the filter is shown in Table 3. It is about 20% off
the real initial conditions.

In the first set of simulations, we assume no measurement noise.
The convergence of the UKF estimation is demonstrated in Fig. 4. It
can be observed that after � � 4 (or t� 90 min) the estimation
converges. Denote the position estimation error as

e2p � �x1 � x̂1�2 � �y1 � ŷ1�2 � �z1 � ẑ1�2 � �x2 � x̂2�2

� �y2 � ŷ2�2 � �z2 � ẑ2�2

and the velocity estimation error as

e2v � �vx1 � v̂x1�2 � �vy1 � v̂y1�2 � �vz1 � v̂z1�2 � �vx2 � v̂x2�2

� �vy2 � v̂y2�2 � �vz2 � v̂z2�2

The convergence property of the UKF is also demonstrated in the
logarithmically scaled coordinate in Fig. 5. The stable position
estimation error is within 0.1 km. Relative to the radius, the range of
the position error is within 10�5%. The stable velocity estimation
error is within 10�4 km=s.

Remark 1: The simulations are based on sampled data
measurements. The estimation error can be reduced by increasing
the sampling frequency. For instance, if we choose the sampling
period to be d� � 0:01 (13.5 s), the stable position estimation error is
reduced to approximately 0.01 km and the stable velocity estimation
error is reduced to 10�5 km=s (see Fig. 6).

In the next simulation, we assume that the output is corrupted by
measurement noise, that is

h�
� �
x1 � x2
y1 � y2
z1 � z2

2
4

3
5� dx

dy
dz

2
4

3
5

where the noise �dx; dy; dz� has normal distribution with zero mean
and standard deviation � � 50 m. The UKF parameters are chosen
as

Q� 0:01 � I12; R� 10�11 � I3; d� � 0:01

The simulation results are shown in Fig. 7. The stable position
estimation error is about 0.35 km and the stable velocity estimation
error is less than 0:2 m=s.

B. Observability of Networked Multisatellite Systems

Assume a system of five satellites flying in orbits with radius
between 8500 and 11,000 km. We assume that the satellites receive
no information about their positions, velocities, and orbit elements
from either GPS or ground control centers. Sat-1, sat-3, and sat-5 are
equipped with sensors that can measure relative position within a
limited range. Sat-2 and sat-4 are not capable of measuring relative

Table 1 The orbital parameters used for the simulations

Satellite 1 Satellite 2

Semimajor axis 10,000 km 10,000 km
Eccentricity 0.1 0.11
Inclination 0 0.0166668


Periapsis 0 0
Ascending node 0 0
Mean anomaly 0 0

Table 2 Initial satellite conditions

Satellite 1 Satellite 2

�x; y; z� (9000, 0, 0) km (8900, 0, 0) km
�vx; vy; vz� �0; 6:980; 0� km=s �0; 7:050751; 0:002051� km=s
� �x; �y; �z� (1, 0, 0) (0.9889, 0, 0)
� �vx; �vy; �vz� (0, 1.0488, 0) (0, 1.0595, 0.0003)
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Fig. 3 The distance between the satellites and the radial difference.

Table 3 Initial guess used for the simulations

Satellite 1 Satellite 2

�x̂; ŷ; ẑ� (1.2, 0, 0) (1.1867, 0, 0)
�v̂x; v̂y; v̂z� (0, 1.2586, 0) (0, 1.2714, 0.0004)
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positions. We assume that the communication channels between the
satellites suffer a 30% probability of interruption and failure with a
uniform distribution, that is, at a time moment, the connectivity of a
communication channel between satellites is a random variable with
30% probability of being zero (disconnected) and 70% probability of
being one (connected). In this system, neither the sensor topology nor
the communication topology is perfect. However, the conclusions in
the following simulations are based on the assumption that the
connectivity of sensor and communication topologies can last long
enough for the filter to converge. The question to be answered is the
following: is sat-2 observable to sat-1?

We assume that the effective range of the position sensors is
limited by 200 km. The relative distances between the satellites are
anywhere between 50 and 300 km. Figure 8 shows the relative
distances in one period. Because of the large distance between sat-1
and sat-2, sat-2 is not directly observable to sat-1 in a large part of the
orbit. For example, the matrix S of the sensor topology at t� 1475 is

S�

1 0 0 1 1

0 0 0 0 0

1 1 1 1 1

0 0 0 0 0

1 1 1 1 1

2
66664

3
77775

Obviously, both sat-2 and sat-3 are not directly observable to sat-1 at
this time because they fly outside the limit of sensor range.
Meanwhile, the communication graph is incomplete either because
of the 30% probability of interruptions. For instance, the
communication matrix at t� 8028 is

C�

0 0 1 1 0

0 0 1 1 1

1 1 0 1 1

1 1 1 0 0

0 1 1 0 0

2
66664

3
77775

The communication between three pairs of satellites are interrupted,
sat � 1� sat � 2, sat � 1� sat � 5, and sat � 4� sat � 5. In the
simulation, both matrices S and C are functions of t depending
on the relative distance and the probability distribution. As a result,
the observability of the networked satellite constellation is
highly dynamic. In this case, Proposition 3 provides an efficient
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Fig. 4 Convergence of the observer. Circles denote the position of the
satellite at different time instants, and asterisks denote the estimated

position.
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Fig. 6 Position estimation error and velocity estimation error (d�� 0:01).

KANG ET AL. 875



computational method of determining the observability using the
combined information of sensor and communication topologies.

In the simulation, the observability of sat-2 to sat-1 is computed at
five time moments t1 � 0, t2 � 1475, t3 � 3412, t4 � 5756, and
t5 � 8028. Because sat-2 is not always directly observable to sat-1,
sat-1 must periodically request the state estimation from other
satellites through communication. Depending on the length of
communication routes (number of satellites used in the communi-
cation to pass information to sat-1), sat-1 may have multiple
communication routes to acquire the state information of sat-2.
In Fig. 9, each communication route is marked by a bar. In the first
plot of Fig. 9, the length of communication is L� 0, that is, sat-1
measures and estimates the state of sat-2 directly. The two bars in
this plot imply that sat-2 is directly observable to sat-1 at t1 � 0
and t4 � 5756. Sat-2 is not directly observable at t2, t3, and t5.
However, with the assistance of communication routes of length one
(L� 1), the second plot in Fig. 9 shows that sat-2 is observable to
sat-1 at all five timemoments. At t4 � 5756, there exist two different
communication routes of length one through which sat-1 can acquire
the measurement and state estimation of sat-2. If sat-1 uses
communication routes of length three, then the third plot shows that
sat-1 has many different routes to acquire the information, eight
routes at t1, two routes at t2, three at t3, nine at t4, and one at t5.

VI. Conclusions

It is proved that the orbits, the absolute positions, and the velocities
of multiple satellites are observable using the measurement of
relative positions only. This observability is verified by using UKF
and numerical simulations. For networked satellite constellations,
a system with incomplete communication and sensor topologies
could be completely observable if the two topologies work in
harmony with each other. This observability of networked systems
can be computed usingmatrix algebra. These results demonstrate the
possibility of significantly reducing the dependency of multisatellite
operations on the support of ground control centers and GPS. The
proved observability is valuable for the development of intelligent
and autonomous space systems and formissions to deep spacewhere
GPS signals are not available.

The observability in Theorem 3 depends on the distance between
satellites. In general, the observability becomes more sensitive to
noise if the relative distance is small. Themeasure of observability as
a function of relative distance is a topic of current and future research.
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